
 

81 Rings and Ideals
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51.1 Rings and ring homomorphisms

King A t set binaryoperations such that S.t

1 At abelian group sp

2 associative Xy z x yz tx.az

distributive secy z xy xz Yt2 K yetzse Hiya

3 commutative Ky yr tx y

4 identity element FIE A sit RI se in Tx

Fact uniqueness
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zero ring 0 1 A 0 2 2.1 2.0 0 x

ringhomomorphism a map f A É s.t Petty t

i fluty floe fly
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iii fly L

Fact A BIC ring
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subring subset S A

is closed under t and

Contains 1

Fact So A ring homo
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1.2 ideals quotient ring

ideal 20A ait subg

Aa Ea

Quotient ring Ala at a as A

atte bta atb se

at a bts ab a

Fact 4 A A a surg ring homo

at ata
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E 445
Pf clear a

ringhim

Fact If A B
Alief

E
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as rings

f lo subringof B

quotient ring of A

Notation Key mod a K Y Ed 3



81.3 Zero divisors Nilpotentelements units

advise he A if x o i e F y to sit My 0

integral domain ring without nontrivial zero divisors

nilpotent element KEA if kno forsome n o

Fact nilpotentelements É zero divisors

Unit K EA if se i e F y sit Ky l N y

Fact A seeA x is a unit is a mule abelian q

principal ideal n Ax an Iaea

Fact K unit 2 A

notion O o

Keld nonzeroring withevery nonzero
element being a unit

i e 1 to A Also
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Png 1.2 Ato ring Thefollowing areequivalent TFA E

it A field

ii as A a o or a A

iii f AIB ringhom f ing
Ho

pf 5 ii in i

a ii Assume ato treats AINT
as A a A

ii iii kerf kerf A Kerf o f ing
iii i x A x A B A a 0 N Ker As B o

II Yo 2k
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1.4 Prime ideals and maximal ideals

prime ideal 20 A I A rye 2 red or yet

maximal ideal MOA MIA ME AoA ma or a A

Fact 20A prime A a integral domain

H
MOA maximal A z field

maximal ideals are prime

Of A prime A int domain

ft prime prime

ft maximal I maximal Z G Q

Theorem1.3 A o F maximal ideal m

Pf Zorn's lemma BRE 7

I a A as A o ee

order inclusion
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d Ign EI ie gift or tea lean G

Zorn's lemma E has maximal element
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G 441 7maximal ideal MOA sit a em

Pf 4 A Ala In 7M A

G A NE A A F maximalideal MOA St REM

Pf a se A

local ring ringA with exactly one maximal ideal m

residuefield k Alm

By16 i MOA m A A me A A m local

ii M maximal It m e A A m local

Pf it not nta n n A p Én em A m local

ii free Alm a t m A 21

FYEA tem sit KY t I

xy I t E A

KE AX A m local

Semilocal ring ring with only finitelymany
maximal ideal
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principle ideal domain PID domain with every ideal principal

Fact In PID eveynonzeroprimeideal is maximal

Example A Z Prime 0 2 3 15

Max 2 3 15 Tsi

JI 462 2B
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51.5 nilradical and Jacobson radical

nilradical of A KEA I do forsome nai

Notion No Jo Nil A

99 1.7 1 To o A

2 A To has no nonzero nilpotent element

Pf 1 a EA t x y eTo with K o y

ar an an o

getg
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2 A fatTo o a e To

I m sit an
m

0

a cTo

Prog18 TO Iprime
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z Ite Suppose To E fEine
I ftp.pnme To

O 4 i f f S

I as A snap 4 oct

Zorn's lemma
I has maximal element 2
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Jacobson radical

Rad A M M

M Max

Pry K E Rad A 1 RAE A

Pf Suppose I ay A

I xy E M for some M maximal ideal
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Suppose x m
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81.6 operations on ideals

a f coprime É at G A

Fact d f coprime ang a G

Pf set yet z e an E Z Z I ZYtXZ EGG

Ai As an o A

4 A Ala x Ala x x Alan

K 1 7 Rta Rta Ktan

ring homo

Png 1.10 i Ii Aj coprime ti j Jai na

ii p surj Ii Aj coprime tit's
Iii f ing nai o

Pf 4 E clean II Yo3421k

2 By induction IIa ai A an

at E 2 G acts can it 6 A

Itai a G ans Itai nan ai
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surj Fk of a 1,0 o
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2 0 models
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Try 1.11 i 2 In prime AoA

A E 1,2 Fist AE fi

ii A an ideal I prime

Mai E f Fist Ai ET
i

Inparticular Aki 3 Fist Ai 3
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pf i induction on n
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ideal quotient of a GOA

a b net 28cal
annihilator of G

Ann G o G

Notion a r a as Ann se Ann in

Fact zero divisors Lt Ann a

Example m ni gammon 82
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AE em ni a e Yang A

lemma i AE a b EA
ii a b G E a

iii a b a Gc a C 6
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Radical ofAoA

Ja KEA Rhea for some n o

Fact 4 A A a Ta 4 To Tao A

lemma i AE Ta
ii Ja Ta
iii Tab dans Tant
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Pf i v
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Prog1.14 Ta Jeanine

Pf A Ala gaza prime I prime in A a

Ta pito p R2 n 42 n z
Janine J prime Janine
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1.7 Extension and contraction

f A B ring horn as A GOB

Halo B x ft 8 o A V
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one central problem of algebraic number theory

the behavior of prime idealsunder extensions

II 485 2k
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C closed under n T

E closed under t

G G e Gi Gi Wf Bg 2 Azhsk by
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si si A
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8 S s sie siege
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Gi site C a
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